Cycle-slip Detection of GPS Carrier Phase with Methodology of SA4 Multi-wavelet Transform  by HUO, Guoping & MIAO, Lingjuan
                       
 
Contents lists available at ScienceDirect 
Chinese Journal of Aeronautics 
journal homepage: www.elsevier.com/locate/cja 
Chinese Journal of Aeronautics 25 (2012) 227-235
Cycle-slip Detection of GPS Carrier Phase with Methodology of 
SA4 Multi-wavelet Transform  
HUO Guopinga,b, MIAO Lingjuana,b,* 
aSchool of Automation, Beijing Institute of Technology, Beijing 100081, China 
bKey Laboratory of Intelligent Control and Decision of Complex Systems, Beijing 100081, China 
Received 14 March 2011; revised 24 June 2011; accepted 1 November 2011 
Abstract 
That cycle-slips remain undetected will significantly degrade the accuracy of the navigation solution when using carrier phase 
measurements in global positioning system (GPS). In this paper, an algorithm based on length-4 symmetric/anti-symmetric (SA4) 
orthogonal multi-wavelet is presented to detect and identify cycle-slips in the context of the feature of the GPS zero-differential 
carrier phase measurements. Associated with the local singularity detection principle, cycle-slips can be detected and located 
precisely through the modulus maxima of the coefficients achieved by the multi-wavelet transform. Firstly, studies are focused 
on the feasibility of the algorithm employing the orthogonal multi-wavelet system such as Geronimo-Hardin-Massopust (GHM), 
Chui-Lian (CL) and SA4. Moreover, the mathematical characterization of singularities with Lipschitz exponents is explained, the 
modulus maxima from wavelet to multi-wavelet domain is extended and a localization formula is provided from the modulus 
maxima of the coefficients to the original observation. Finally, field experiments with real receiver are presented to demonstrate 
the effectiveness of the proposed algorithm. Because SA4 possesses the specific nature of good multi-filter properties (GMPs), it 
is superior to scalar wavelet and other orthogonal multi-wavelet candidates distinctly, and for the half-cycle slip, it also remains 
better detection, location ability and the equal complexity of wavelet transform. 
Keywords: satellite navigation; cycle-slip detection; orthogonal multi-wavelet; good multi-filter properties; singularity detection 
1. Introduction1   
Position and attitude information is an important 
component in all applications of surveying, navigation, 
control and guidance. Global positioning system (GPS) 
can provide this information individually. In particular, 
for the integrated inertial navigation system (INS) and 
GPS system used in land vehicle navigation, it can be 
employed to calibrate the natural, time-dependent error 
drift of the central INS (the so-called GPS-aided INS 
system). In order to obtain high precision positioning 
results with such a system, carrier phase measurements 
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in GPS are widely used due to its sub-centimeter preci-
sion. If GPS signals are continuously tracked and 
loss-of-lock never occur, the integer ambiguities de-
termined at the beginning stage of a survey will be 
valid for the whole period that GPS is used. However, 
this value may be affected by receiver antenna shaded 
in “urban canyon” or foliated environments, low sig-
nal-to-noise ratio (SNR) of the satellite signal, and 
failure for the electromagnetic interference in receiver 
itself, in the cases of which the ambiguity values are 
“lost” and must be re-determined. Specifically, as far as 
the receiver is concerned, these phenomena are mani-
fested with the discontinuity in integer-cycle carrier 
phase (ICP) output, which is named cycle-slip. The 
cycle-slip undetected will significantly degrade the 
accuracy of the GPS navigation solution. 
Several techniques have been developed to detect 
and reduce cycle-slips, such as the use of the first, sec-
ond, third and even fourth epoch-wise time differences Open access under CC BY-NC-ND license.
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to highlight any anomalous single epoch slips [1], the 
double or triple epoch-difference residuals [2], low-order 
polynomial fittings [3], ionosphere residuals [4], extrapola-
tion method [5] and standard extended Kalman filter [6-8], 
etc [9-10]. Although all of these techniques are effective, 
limitations are also obvious, e.g., the high order dif-
ference is only suitable for the detection of the large 
cycle-slip (>5 cycles) [11], ionosphere residuals need the 
dual frequency GPS receiver, and the extended Kalman 
filter cannot be expected to achieve the desirable ki-
nematic results. 
Then, application employing wavelet [9, 12-16] is in-
troduced for its time-frequency localization properties, 
considering that the traditional methods mentioned 
above can be classified into two categories: either time 
domain analysis or the frequency domain analysis in 
accordance with the measurement sequence used in 
algorithms. When using wavelet method, cycle-slips 
can be regarded as a kind of singularity problems, and 
singularities of a signal can be characterized by the 
modulus of their decomposed coefficients by wavelet 
transforms, but in practice, the minor cycle-slip cannot 
be detected [12] either. 
For better performance and delicate detection ability, 
in this paper, we propose a new cycle-slip detection 
scheme based on a multi-wavelet decomposition and 
reconstruction technique with more freedom for the 
overwhelming features better than wavelet: a scalar (or 
traditional) wavelet cannot possess compact support, 
orthogonal and high-order vanishing moments simul-
taneously but multi-wavelet can [17]. The features such 
as compact support, orthogonality, symmetry and high 
order vanishing moments are well known and very 
important in wavelet and multi-wavelet design. Sym-
metric property allows symmetric extension when 
dealing with the signal discontinuity. Orthogonality 
generates independent sub-signals. A larger number of 
vanishing moments result in a system capable of rep-
resenting high-degree polynomials with a small num-
ber of terms. And another important element is that 
multi-wavelet has the computational complexity of  
O(n) [18] (n is the length of the sequence), which is 
equal to wavelet case. 
2. Cycle-slip Occurrence and the Observation 
The basic equation of GPS carrier phase observation 
at epoch t is [15] 
 0 0INT( FR(( ) ( )) ( ))t t tN tM M M    (1) 
where N0 refers to the initial integer cycle ambiguity 
generated by comparing the carrier phases received 
from satellites with the duplicate in the receiver. INT(·) 
is the count computed by the Doppler frequency shift 
resulting from the two objects with relative velocity, 
and the fractional part of integer cycle phase denoted 
by FR(·). 
With a specific satellite tracked, the integer number 
of cycles, N0, will remain constant and invariable. The 
latter two items on the right side of Eq. (1) can be 
extracted and form the following equation which is 
denoted as ICP measurements. 
 0( ) ( ( ))INT( )) FR(t tt tM M M G   (2) 
As long as the connection between the receiver and 
the satellite is not broken,GMwill be a sequence gener-
ated by successive counts, and displays itself as a 
smooth curve approximately. Nevertheless, due to the 
limitation of operation principle of the integer cycle 
counter in the GPS receiver and the reasons mentioned 
in Section 1, multipath effects [19] or the very low SNR, 
etc. can also distort the satellite signal. All these factors 
may lead to a temporary loss-of-lock in the car-
rier-tracking loop, and corrupt the carrier phase and the 
Doppler shift counter. The re-initialization of Doppler 
shift counter will give rise to a discontinuous output 
although the loop can be re-established. As a result, 
this discontinuity of an integer number of cycles will 
not only affect the result on the current epoch, but also 
make it invalid for all from this epoch. 
In the case of signal loss or the cycle-slip occurrence, 
the continuity of the output observation sequence is 
broken and shows as a stepped jump (see Fig. 1). A 
visualized perspective can be achieved by comparing 
the ideal signal with real output at ti. From the sig-
nal-processing point of view, the observation curve 
will be no longer continuous after cycle-slip occur-
rence. It is the jump-discontinuity that can be detected 
as the singularity by further analysis of the regularity 
on epoch-wise. 
 
Fig. 1  Demonstration of a distinct cycle-slip jump between 
ideal and real ICP measurements. 
3. Cycle-slip Detection via Multi-wavelet Analysis 
In dealing with the issue of cycle-slips with wavelet 
analysis, by using the modulus maxima of the wavelet 
decomposition coefficients, singularity detection prin-
ciple can locate the occurrence position of the cy-
cle-slip accurately [8]. However, the results are unsatis-
factory for the minor cycle-slips in zero-differential 
carrier phase [12]. Therefore, we consider introducing 
multi-wavelet analysis for cycle-slip detection. 
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3.1. Multi-resolution analysis (MRA) of multi-wavelet 
Multi-wavelet constitutes a new part that, in recent 
years, supplements wavelet theory. It can be seen as 
vector-valued wavelets that satisfy conditions in which 
matrices are involved, rather than scalars, as in the 
wavelet case. In the multi-wavelet more than one scal-
ing function and mother wavelet are used to represent a 
given signal. The concept of MRA can be extended 
from the scalar case to general dimension r (r >1). For 
simplicity of exposition meanwhile without loss of 
generality, the refinement function vectors )(t) can be 
constructed by two scaling function (r = 2) in the 
space of all square-integrable functions L2(R): I1(t) and 
I2(t). 
 T 21 2[ ( )( )   ( )] ( )t t Lt I I  R)  (3) 
For jZ , a subspace sequence can be defined [17]:
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where span{ }<  is the subspace generated by )i,j,k(t), 
and j the dilation factor in the scale domain, k the shift 
in the timeline domain. Then, the subspace sequences 
satisfy 
 2 1 0 1 2 3      " "V V V V V V  
Like the refinement equation in the scalar wavelet 
system, multi-wavelet function may also satisfy it in 
accordance with matrix forms due to 1 0 V V . And, 
the relationship between adjacent subspaces can be 
expressed by the refinement function vectors )(t). 
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k
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where Gk is a 2×2 matrix of filter coefficients or 
namely low-pass multi-filter banks. An MRA in L2(R) 
space is established through )(t), and )(t) forms the 
2-multiple scaling function. 
3.1.1.  Orthogonal multi-wavelet system 
For the special case that multi-scaling function vec-
tor )(t) meets the self-orthogonal condition, now let 
Wj denote a space orthogonal complementing Vj in Vjí1, 
and let <(t) = [\1(t) \2(t)]T. There will be an or-
thogonal multi-wavelet system constructed by )(t)
and <(t)as long as <(t) meets the self-orthogonal 
condition, too. Multi-wavelet function vector <(t) 
meets the two-scale refinement equation ( 1 0 V W ):
 ( ) 2 (2 )k
k
t t k ¦< )H  (6) 
where Hk is a 2×2 matrix of filter coefficients or 
namely high-pass multi-filter banks.
In the orthogonal multi-wavelet system, the or-
thonormality condition implies the following constraint 
equations: 
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where I2 denotes a 2×2 identity matrix, and Gi,j a 
Kronecker delta function. 
Now, let 0( )t x V  with 1 0V V , and then define
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where the integrals defined by the inner products are 
component-wise. With the notice of the orthogonality 
condition, the decomposition formulae (analysis equa-
tions) take the form 
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where vj,k and wj,k indicate the multi-scaling and 
multi-wavelet coefficient vectors after the kth shifton 
the jth scale, respectively. 
The corresponding reconstruction formula (synthesis 
equation) take the form 
 T T1, 2 , 2 ,j k k m j m k m j m
m m
   ¦ ¦v G v H w  (9) 
3.1.2. Selection of multi-wavelet bases and multi-filter 
banks 
Similar to the scalar wavelet case, one of the inevi-
table issues is to select the best multi-wavelet basis 
function. Three popular and classical orthogonal 
multi-wavelet systems, Geronimo-Hardin-Massopust 
(GHM), Chui-Lian (CL) and length-4 symmetric/ 
anti-symmetric (SA4) are employed, and then detection 
and detailed analysis are attached to the raw ICP 
measurements (including intentional cycle-slips) ac-
quired by the GPS receiver, separately. Fig. 2 plots the 
multi-scaling and multi-wavelet functions of the GHM, 
CL and SA4 orthogonal multi-wavelet system alto-
gether. 
Using the fractal interpolation functions (FIFs), 
Geronimo, Hardin, and Massopust successfully con-
structed one of the earliest multi-wavelet systems 
which are very important for the generation of 
multi-wavelets in 1994, which we shall refer to as the 
GHM multi-wavelet system [20-21]. The GHM system 
(see Fig. 2 with dotted line) has very remarkable prop-
erties, i.e., two orthogonal multi-scaling functions and 
two multi-wavelet functions, which are symmetric. The 
system has second-order approximation, and scaling 
functions have very short supports and translates be-
tween the scaling functions are orthogonal. For the 
GHM multi-scaling functions there are the following 
coefficient matrices Gi and Hi (i=0, 1, 2, 3): 
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Fig. 2  Scaling and wavelet functions. 
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Another symmetric orthogonal multi-wavelet system 
with approximation order 2 can be attributed to Chui 
and Lian [22] in 1995. Both scaling functions are sup-
ported on [0, 2], which is slightly longer than GHM. 
For the CL system (see Fig. 2 with dashed line), only 
three coefficient matrices Gi and Hi (i=0, 1, 2) are re-
quired: 
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The latest one is SA4 (Fig. 2 with solid line), a 
CL-like symmetric/anti-symmetric family, proposed by 
Tham, et al. [23] in 2000 based on the idea of equivalent 
scalar (wavelet) filter banks and a set of new designed 
criteria for multi-wavelet, namely good multi-filter 
properties (GMPs) [23-25]. It is clearly indicated by 
Tham, et al. [26] that SA4 family has the GMP order of 
at least 1, and multi-wavelet with this property has 
better performance than that does not possess GMP. It 
also has four coefficient matrices Gi and Hi (i=0, 1, 2, 
3): 
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where S=diag(1, 1), and X is a variable parameter in 
the SA4 family orthogonal multi-wavelet system.If 
=4+ 15X , the GMP order of SA4 system with only 1 
order approximation order is (1, 2, 1). 
Although GHM and CL systems are most commonly 
used orthogonal multi-wavelet systems and have the 
remarkable properties described above, it is worth not-
ing that both GHM system and CL system have the 
higher approximation order than that of SA4 system, 
but they do not possess the feature of GMPs. 
3.2. Detection and repair of cycle-slips 
As mentioned above, cycle-slips can be treated as 
the jump-discontinuity. From the signal analysis point 
of view and in the scalar case, it is a kind of typical 
application that the location of singularities can be de-
tected by local maxima of the wavelet transform 
modulus. That is the so-called “wavelet transform 
modulus maxima” (WTMM) [27]. 
In order to detect the cycle-slip in raw ICP measure-
ments, a multi-wavelet modulus maxima (MWMM) 
detection approach is proposed in this paper by ex-
tending the WTMM. However, unlike scalar wavelet 
No.2 HUO Guoping et al. / Chinese Journal of Aeronautics 25(2012) 227-235 · 231 · 
 
case in which Mallat’s pyramid algorithms can be em-
ployed directly, the application of multi-wavelet re-
quires the input signal to be firstly vectorized, which is 
a problem popularly known as multi-wavelet initializa-
tion or pre-filtering (see Fig. 3). In this section, the 
solution of MWMM detection will be addressed, com-
bining with different pre-processing methods. 
 
Ę2ü2 down-sampling 
Fig. 3  The block diagram of pre-filtering and de-
composition for ICP. 
3.2.1. Singularity detection principle and modulus 
maxima of multi-wavelet transform coefficients 
In signal processing, much of a signal’s information 
is covered in regions of abrupt change (extreme point, 
zero-crossing point, zero point interval and sharp 
variation). Such regions are usually considered as the 
discrete expression of singularities in an underlying 
continuous function. Signal singularities have specific 
scaling invariance characterized by Lipschitz expo-
nents. The Lipschitz exponent, which is also called the 
Hölder exponent, is a generalized measure of the dif-
ferentiability of a function and can be defined in the 
time domain [27-29]. 
For a given signal x(t), if there exists a constant K>0, 
and m= D« »¬ ¼ (largest integer ngD) degree polynomial 
0
( )tP t , then  
 
01 0( ) ( ) ( ) ,m tR t x t P t tK t t
D
 d    R  (10) 
where 
0
( )tP t  is the Taylor expansion of x(t) at t0, with 
the remainder of Taylor, Rmí1(t). Then the Lipschitz 
exponent at t0 is D. We estimate the Lipschitz regularity 
of the corresponding singularity by computing the best 
Lipschitz exponent D, and the bigger D means more 
smoothness and vice versa. 
It has been proved that the local Lipschitz exponent 
of a signal can be estimated by wavelet transform. In 
detail, given some discredited versions of a signal with 
several localized discontinuities, the discontinuities 
may be located and characterized (via D) using the 
WTMM. Singularities are detected by finding the ab-
scissa (time axis) where the WTMM converges at fine 
scales. This means that large wavelet coefficients are 
located at sharp signal transitions only. 
It should be emphasized again that cycle-slips are all 
jump-discontinuities and of course can be treated as 
singularities in raw ICP measurements. Extending tra-
ditional scalar wavelet-based singularity detection ap-
proaches to multi-wavelet transformation domain, the 
more accurate results may be expected.  
The preceding review suggests that, multi-wavelet is 
basically a multi-filter, so it needs several input 
streams rather than one. In order to start the cascade 
algorithm, one must preprocess scalar data in order to 
get vector input. There are different ways to do the 
preprocessing: over sampling (repeated row preproc-
essing), critical sampling (approximation preprocess-
ing), etc [16, 23-24]. 
Suppose x(t) is the raw ICP measurements with cy-
cle-slips. Here the input length-2 vectors are formed 
from the original time series x(t) via 
 1
2
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( ) ( )
( )
t
t t
t
ª º  « »¬ ¼
X
X Px
X
 (11) 
where P is mentioned as the pre-processing matrix 
described above and depicted in Fig. 3. 
Similar to the singularity detection principle of sca-
lar wavelet, construction in the multi-wavelet case 
must satisfy the admissibility condition firstly. Conse-
quently, there will also be a smooth function vector: 
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By the scale factor s and time t, the multi-wavelet 
transform in convolution of X(t) is defined by 
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where * is the convolution operator, and MW indicates 
the multi-wavelet transform from now then. 
Assume that for any function f (t), fs(t) denotes the 
dilation of f (t) by the scale factor s: 
 1( )s
tf t f
s s
§ · ¨ ¸© ¹  (15) 
The modulus of the multi-wavelet coefficients can 
be defined by the vector 1-norm (absolute value norm): 
 1 1 2MW ( ) : MW ( ) MW ( )s s st t t X X X  (16) 
Besides, the localization expressions can be derived 
for the different pre-processing methods, and the loca-
tion of singular point can be acquired through the fol-
lowing analysis. 
1) Over sampling: Obviously, repeated row 
pre-processing doubles the number of input data points 
and remains the signal length. Location expression can 
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be derived and written as 
 pe 2
JK K n   (17) 
where Ke represents the epoch of cycle-slips occur-
rence, Kp the point of modulus maxima of decomposed 
coefficients, J  the decomposition level and n the 
length of signal. 
If there is no 2 down-sampling process used after 
decomposing, the expression should be simplified as 
 e pK K  
2) Critical sampling: Since the input signal will be 
sampled at the half-integers after pre-processing, the 
location expression is 
 p
1
e 2
J nK K   (18) 
Correspondingly, the simplify expression is 
 e p2K K  (19) 
Different from the former, critical sampling remains 
all of the numbers of input data points and signal 
length totally, and leads to a relatively lower computa-
tion burden. Therefore, critical sampling is the actual 
choice in the field experiment at last. 
3.2.2.  Repair for cycle-slips 
Once cycle-slips are detected and further located 
accurately, the observed carrier phase signal needs to 
be “repaired” at those points. The algorithm of repair is, 
relatively, plain to be implemented by many of the tra-
ditional methods. 
As to these points, we can start “repairing” the dam-
aged multi-wavelet coefficients using the interpolation 
polynomial [12], then reconstruct by inverse multi-wavelet 
transform, or the cycle-slip can be treated as noise, so 
Donoho de-noising methods [30] can be used on the 
other hand. 
Moreover, practically, after cycle-slips happening, 
the subsequent data will be deteriorated. Abandoning 
the latest half segment of damaged data and 
re-calculating integer cycle ambiguous may be a wise 
and effective approach. 
4. Analysis of Experimental Results 
4.1. Experimental data set 
In order to illustrate the performance of our ap-
proach, experiments were carried out on the top of the 
6# Teaching Building at the Beijing Institute of Tech-
nology, China, on the 28th September 2009. One hour 
of data were collected at sampling interval of 1 s with 
the NovAtel SuperStarII OEM GPS receiver. Here, we 
pick out the 1 024 epochs of PRN1, PRN3 and PRN8 
as the research satellite objects, which are listed partly 
in Table 1. In this section, we compare the perform-
ances in cycle-slip detection between GHM, CL or-
thogonal multi-wavelet transforms, SA4 symmet-
ric/anti-symmetric orthogonal multi-wavelet, and 
Daubechies 4 (DB4) scalar wavelet transforms due to 
Daubechies. 
In addition, on behalf of the data set output from our 
test receiver, two important steps must be noticed and 
processed at first. 
1) Acquisition and extraction the raw ICP measure-
ment from output of test receiver can be easily 
achieved through the #23 navigation message [31] in-
cluded in the binary stream, which can be received 
from the build-in serial port or the StarView kit pro-
vided by NovAtel Inc. Once we have picked out a bi-
nary stream fragment only including carrier phase in-
formation, the following step of decoding the 32 bits un-
signed ICP measurements with the precision of 1/1 024 
can be used to get the increased delta value by sub-
tracting the encoded measurement at the last epoch. 
However, we must be aware of carrier phase “wraps” 
at value 230 cycles (230/1 024 = 220) for some band-
width reducing purposes. In order to recover the real 
carrier phase value, a so-called “unwrap” process 
(similar to a polar modifier) should be executed before 
the further handling (see Fig. 4). 
Table 1  Portion of L1 carrier phase measurements 
Carrier phase measurements/cycle 
Epoch/s
PRN1 PRN3 PRN8 
553 008  í98 749.588 956 í198 925.079 191 360 577.472 567
553 009 í101 645.838 691 í200 467.651 191 362 586.285 333
553 010 í104 541.611 862 í202 009.543 503 364 595.731 887
553 011 í107 436.548 120 í203 550.359 644 366 606.241 919
553 012 í110 331.280 277 í205 090.757 816 368 617.120 114
553013 í113 226.680 402 í206 631.587 628 370 627.548 114
553 014 í116 122.574 667 í208 172.711 386 372 637.632 364
553 015 í119 018.760 925 í209 713.917 175 374 647.648 255
 
ĉüAvailable raw ICP measurement (the first solid line and its dashed 
extension; ĊüReal ICP resulting from receiver(all solid lines) 
Fig. 4  Wrap and unwrap process for ICP measurement. 
2) The raw ICP measurements can be shifted by 
clock biases and other time-related error sources, 
which may produce discontinuities similar to cycle- 
slips. These errors should not be smoothed as the cy-
cle-slips, because they will be regarded as the individ-
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ual unknown in the latter stage of navigation resolution 
and will not affect the final result. Furthermore, as the 
equivalent range errors corresponding to the clock bi-
ases are common to all measurements at that moment, 
the time-related errors are eliminated before cycle-slip 
detection and repair can be attained through sin-
gle-differencing the measurements between satellites 
[32]. Firstly, some time (epoch) tags can be collected 
from each raw ICP measurement belonging to each 
available satellite, through the singularity detection 
using multi-wavelet, and the results may include the 
fake cycle slips (clock biases). Secondly, two arbitrary 
sets of time tag records from different satellites will be 
picked out and compared, if one of these tags occurs 
more than once, then all the duplicated tags should be 
removed from all the records for each satellite channel. 
Finally, we can get the real time tags at which the pure 
cycle-slips arise and the fake ones remove. 
4.2. Experimental analysis of detecting cycle-slips 
Depending on characteristic of cycle-slips, the event 
of cycle-slips occurrence can be seen as the 
jump-discontinuity. By decomposing to the scale of 
J=1 (21: level 1) with multi-wavelet transform, ana-
lyzing decomposed detail coefficients, and then calcu-
lating the modulus maxima within this scale, the epoch 
of the cycle-slip occurrence in the sequence of carrier 
phase measurements as singularities may be located 
accurately. 
Since it is difficult to evaluate the algorithm’s per-
formance without knowing the truth, the cycle-slip is 
simulated as follows. The raw L1 ICP measurements 
are obtained from the test receiver, and 2-, 1- and 
0.5-cycle slip are arbitrarily spread into it at the epoch 
of 170, 400, 850 on PRN1, PRN3 and PRN8 through 
software. In the following work, PRN1 will be picked 
out as a paradigm to depict and analyze the perform-
ance of our approach. And GHM/CL/SA4 
multi-wavelet and DB4 scalar wavelet are used to ana-
lyze the carrier phase measurements, respectively. In 
addition, a quick glance should be cast at that the 
0.5-cycle slip is not an “integer” cycle, which can be 
explained by the 180° adjustment for the bi-phase 
modulation [31] in the GPS navigation message. 
Figure 5 demonstrates the level-1 decomposition 
using conventional scalar wavelet DB4, and the cy-
cle-slip detection effect analyzed by the modulus 
maxima method—only at the 170th epoch (2-cycle slip) 
is obtained in the three designate slips, meanwhile, 
others are submerged in the measurements. Therefore, 
as a point of our opinions, we can conclude that DB4 
scalar wavelet cannot be qualified to detect 1-cycle or 
0.5-cycle slip in our designed experiment. 
Figures 6-8 plot the results of multi-wavelet trans-
form with the critical sampling pre-filter process. In 
each subplot, the latest sub-figure is used to denote the 
detective effect for all three kinds of singularities (cy-
cle-slips) using a specific multi-wavelet. 
By comparing every subplot in Fig. 6-8, GHM and 
SA4 get all the three singular points in contrast with 
CL’s two of three. It is obvious that the former two 
outperform CL multi-wavelet for our designated pur-
pose. Furthermore, if we partially enlarge drawings of 
GHM and SA4 at the epoch location of the 0.5-cycle 
slip occurrence, then, the best performance is due to 
the SA4 orthogonal multi-wavelet with the approxima-
tion pre-filter (Fig. 9, Table 2). In fact, that SA4 gets 
the best performance may be owe to its GMP order (1, 
2, 1) . 
After locating the singular points in the decompos-
ing coefficients successfully, in terms of the descrip-
tions in Section 3.2.1, the location of cycle-slips in the 
raw signal can be calculated easily using Eq. (19). The 
detailed part of the coefficients has jumped at the ab-
scissa 298, 356, 468; the corresponding epochs of cy-
cle-slips in original raw ICP measurements are located 
at 170th, 400th, and 850th. 
 
Fig. 5  DB4 WMMM: only 2-cycle slip can be detected and 
located; 1-cycle, 0.5-cycle are submerged. 
 
Fig. 6  GHM MWMM with the critical sampling pre-filter: 
all three kinds of cycle-slips can be detected and lo-
cated. 
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Fig.7  CL MWMM with the critical sampling pre-filter: 1- 
and 2-cycle slip can be detected and loated;0.5- 
cycle is submerged. 
 
Fig. 8  SA4 MWMM with the critical sampling pre-filter: 
all the three kinds of cycle-slips can be detected and 
located. 
 
Fig. 9  Partial enlarged drawings for multi-wavelet decom-
posing between GHM and SA4 for the 0.5-cycle slip 
Table 2  Data at the epoch of 0.5-cycle slip comparison 
Method Peak Mean Difference 
GHM 0.232 8 0.107 9 0.124 9 
SA4 0.310 7 0.144 9 0.165 8 
5. Conclusions 
In order to attain high precision positioning and 
navigation results with GPS, cycle-slips must be cor-
rectly detected, located and removed at the data pre-
processing stage. We introduce the multi-wavelet algo-
rithm into the detection of the cycle-slip, combined 
with the modulus maxima method of the singularity 
detection principle to detect and locate the cycle-slip. 
The field experiment reveals that the SA4 
multi-wavelet outperforms in detecting cycle-slips in 
a .very high precision. Otherwise, because the computa 
tional complexity in decomposition/reconstruction of 
multi-wavelet analysis is similar to scalar wavelet 
analysis, i.e. O(n), and the extra burden concentrates 
mainly in the pre-filter stage which occurs only once. It 
will not increase largely in the property of computa-
tional complexity with regard to scalar wavelet. 
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